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Abstract 

An (r, n)-velocity is an r-jet with source at £ R™, and target in a manifold Y, An (r, n)-velocity is 
said to be regular, if it has a representative which is an immersion at £ R n . The manifold T^Y of (r, n)- 
velocities as well as its open, L^-invariant, dense submanifold ImmT^y of regular (r, rt)-velocities, are 
endowed with a natural action of the differential group L r n of invertible r-jets with source and target £ 
R™. In this paper, we describe all continuous, L^-invariant, real- valued functions on T£Y and ImmT^Y". 
We find local bases of L^-invariants on Imm T^Y" in an explicit, recurrent form. To this purpose, higher 
order Grassmann bundles are considered as the corresponding quotients P£Y = ImmT^y/LJ,, and their 
basic properties are studied. We show that nontrivial L^-invariants on Imm T£Y cannot be continuously 
extended onto T^Y . 

Subj. Class.: Differential invariants; Grassmann bundles 
1991 MSG': 53A55, 77S25, 58A20 

Keywords: Jet of a mapping; Immersion; Contact element; Differential group; Grassmann bundle; Differ- 
ential invariant 

1. Introduction 

By a velocity one usually means the derivative of a curve in a smooth manifold Y at a point, or, which 
is the same, the tangent vector to this curve at a point y £ Y . Equivalently, such a velocity is a 1-jet with 
source at the origin £ R" and target in Y. Generalizing this concept one may define an (r, n)-velocity 
as an r-jet with source £ R" and target in Y. 

If such an r-jet can be represented by an immersion of a neighbourhood of the origin £ R™ into Y, 
it is called regular, and we speak of a regular (r, n)-velocity. 

Concepts of this kind, i.e., the r-jets of differentiable mappings between smooth manifolds, have been 
introduced in the fiftieth by Ehresmann (see references in [7]), and have become the basic concepts of 
the theory of differential invariants, and the theory of natural bundles and operators (see Kolaf , Michor, 
Slovak [7], D. Krupka, Janyska [9], D. Krupka [11], Nijenhuis [14], and the references therein). It should be 
pointed out, however, that the problem of finding invariants of velocities and the corresponding problem 
of describing the structure of the space of higher order velocities has not been touched in the existing 
monographs on differential invariants and natural bundles [7] , [9] . 

The set of (r, n)-velocities on a smooth manifold is a smooth manifold endowed with a right action of 
the differential group L r n of invertible r-jets with source and target £ R ra . The purpose of this paper 
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is to characterize all continuous scalar invariants of this action, i.e. all real-valued functions defined on 
open subsets of T£Y, which are constants on the L^-orbits. Instead of formulating and solving equations 
for invariant functions we use a different, more powerful method based on considering the quotient space 
of the open, dense subspace of T^Y, formed by regular (r, n)-velocities. The corresponding orbit space 
is then called the (r, n)- Grassmann bundle. It is a fiber bundle over Y whose type fiber is the (r, n)- 
Grassmannian. The canonical quotient projection of the manifold of regular (r, n)-velocities onto the 
orbit space is the basis of invariants of (r, n)-velocities. Geometric structures of this kind as well as their 
invariants have been studied by M. Krupka [12], [13]. 

Thus, to find all L^-invariants it is enough to find the projection of the manifolds of regular higher 
order velocities onto the higher order Grassmann bundle. We note that an analogous method has been 
applied to the problem of finding GL n (R)-invariants of a linear connection [10]. 

Basic concepts of the first order Grassman bundles has been applied in mathematical physics, and 
the parametrization independent variational theory (see e.g. Dcdccker [1], Grigore [3], Grigore, Popp [4], 
Horvathy [5] , Klein [6] ) . Higher order Grassmann bundles have become natural underlying structures for 
the geometric theory of partial differential equations (Krasilschik, Vinogradov, Lychagin [8]). 



Throughout this paper, m, n > 1 and r > are integers such that n < m, and Y is a smooth manifold 
of dimension n + m. 

By an (r,n)- velocity at a point y G Y we mean an r-jet JqC with source G M™ and target y = £(0). 
The set of (r, n)-velocities at y is denoted by JL Y). Further, we denote 



and define surjectivc mappings t'^ s : T£Y — ► T^Y, where < s < r, by t^ s (Jq() = JqC- Recall that 
the set T£Y has a smooth structure defined as follows. Let (V,^), ip = (y A ), be a chart on Y .. Then the 
associated chart {V^,ip r n ) onT„T is defined by V r n = «'°) _1 00> V£ = {y A , y A , y A i2 , • • ■ , vt lt2 ... lr ), where 
1 ^ ii ^ h ^ • • • ^ V ^ n, and for every JqC G V£, 



The set T^Y endowed with the smooth structure defined by the associated charts is called the manifold 
of (r, n)-velocities over Y. 

The equations of the mapping t^' s : T^Y ~ -> T^Y in terms of the associated charts are given by 
V A i 2 ...i k ° T n S (^oC) — y A i 2 ...i k ^oC)-> where ^ k < s. In particular, these mappings are all submersions. 

Let tr t denote the translation t' — ► t' + 1 of R". If 7 is a smooth mapping of an open set f/cK" into 
Y, then for any t G U, the mapping t' — > 7 o tr t (t') is defined on a neighbourhood of the origin G 1" so 
that the r-jet Jq (7 o tr t ) is defined. The mapping 



2. Higher order velocities 



vL.., k ( J oO = AiA 2 • • • D ik (y A C)(0), O^k^r. 



(2.1) 




(2.2) 

D ik (y A (jo 



(2.3) 
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Assume that we have an element Jq( £ T^Y. Jg£ defines the tangent mapping T^T^ 1 (, which sends 
a tangent vector £ e T R n to the tangent vector T T£ _1 £ • £ to T^Y at J^C- If £ = C(d/dt%, then 
by (2.3), 



_1 / „ Tr-1 



fe=0 ii<i 2 <...<* fc \ ' /o \ tf 'i'2.-! k /jj-i ( 



r-1 



(2.4) 



= E E ^...wwoe* — = e<MO, 

fc=0 »1<*2<-<U V tf *l»2...tfc / jr-l^ 



where 



d < = E E fw..i*i«ra ( 2 - 5 ) 



k—0 ii^i2^ "C* 



is a morphism 7£Y 9 JJC -> di^oC) G TT£ _1 Y over T^Y. Indeed, the tangent vectors ^(JJC) are 
defined independently of the chosen chart: If (V,ip), ip — (y A ), is some other chart at C(0), then 



^) — -A ' 
and by (2.4), 

d 4 =d 4 . (2.6) 

We note that formula (2.5) docs not define a vector field on T^Y since it is not invariant when the 
tangent vectors d/dyf ii2 ik are subject to coordinate transformations on T£Y. 

Let / : V^ 1 -^ibea smooth function. We define the ith formal derivative dif : V£ — > R by 

*/ = E E 1 



l dy A 



By (2.6), the functions dif are independent of the charts, and the definition of the ith formal derivative 
is naturally extended to functions defined on arbitrary open subset of T ? ^" 1 Y '. 

It can be easily verified that for every smooth function / : V,^ 1 —> M and every smooth mapping 7 
of an open set t/cl" into Y, dif o 7^7 = £),(/ T^ 1 ^). In particular, we have for every coordinate 
function yf lj2 ,„ jk , 

'^L-h = yt.h-hr (2-7) 

Using the formal derivative operators di , it is now very easy to find the transformation formulas between 
two associated charts on T^Y. By (2.7) and (2.6), 

yjij2-jkjk+i = d h+iVj 1 j2...j k = d 0k+iVj 1 n...j k = ■ ■ ■ = dj k+1 . . . dj 2 a n y . 

This formula may be applied whenever the transformation rules for the coordinate transformations on 
Y are known. 
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We shall need a formula for higher order partial derivatives of the composed mapping in a form well 
adapted to its use in various inductive calculations in the higher order differential geometry and the 
theory of differential invariants. 

Let n and k be integers. If 7 = i 2 , • • ■ , ik} is a set of indices such that 1 ^ ■ ■ ■ ,i k ^ n, we 

usually denote Dj = D ik . . .D i2 D il . Let U and V be open subsets of M™, let / : V — > R be a smooth 
function, and let a = (a 1 ) be a smooth mapping of U into V. Then one can prove by induction that 



(2.8) 



D ls . . . D l2 D n (f o a)(t) 

S 

= E E D Pk ...D P2 D p J(a(t))D Ik aP^t)...D l2 a^(t)D Il a^(t), 

fe=l I=(h,I 2 ,...,I k ) 

where the second sum is extended to all partitions (7i, I 2 , ■ ■ ■ , Ik) of the set {ii, i 2 , ■ ■ ■ , i s }- 
Let us write the transformation equations from (V, ip) to (V, ip) in the form 

^ = F A (2/ B ). (2.9) 

We wish to determine explicitly the functions F£, F^ i2 , . . . , F^ i2 A defining the corresponding transfor- 
mation 

y? li2 ... ik = Ki,...i k {y B ^yf^- ■ • 0: k 1 ( 2 - 10 ) 

from (Vr,r n )to(V r n X). 

Lemma 1. The following formula holds 

s 

F i\i2...i 3 =^2 E yfiVh ■ ■ ■ Vlp Q y B 1 Q y B 2 Q y B p ' t 2 - 11 ) 



P=l (Jl/2,...,/,,) 



w/iere i/ie second sum denotes summation over all partitions I 2 , ■ ■ ■ , I p ) of the set i 2 , ■ ■ ■ , i s }- 

Proof. We proceed by induction using (2.7). 

We assume that the reader is familiar with the concept of the differential group. Recall that the rth 
differential group o/R n , denoted by L r n , is the Lie group of invertible r-jets with source and target at 
Oet". The group multiplication in U n is defined by the jet composition 

U n xU n 3 (J r a, J r l3) - JJa o JJ/3 = J > o (3) E U n (2.12) 

where o denotes both the composition of mappings, and the composition of r- jets. The canonical (global) 
coordinates on L r n are defined by 

aii 2 ...i k ( J o a ) = D ii D i2---D ik a j {0), l^k^r, 1 < h ^ i 2 < • • • < i k < n, (2.13) 
where a? are the components of a representative a of JJ a. 
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Lemma 2. The group multiplication (2.12) in L r n is expressed in the canonical coordinates (2.13) by the 
equations 

u E E ^-^..4. ( 2 - 14 ) 

P=l (Ji,/ 2 ,...,7 P ) 

w/le ^ < l2 .., s = ^...^(JJa), & M 2 ... ls = Oi li2 ...i.(Jo^). c m 2 ... 4s = i,..>,( J o r ( a ^))> mrf ^ e seco " d 
sum is extended to all partitions ■ ■ ■ , I P ) of the set {ii,i2, ■ ■ ■ , i s }- 

Proof. We apply (2.8). 

The manifolds of (r, n)-velocities T^Y is endowed with a smooth right action of the differential group 
L r n , defined by the jet composition 

T r n Y xL r n 3 (J r (, J r a) - J r ( o J r a = J r (C o a) G T r n Y. (2.15) 

Let us determine the chart expression of this action. To this purpose we use the canonical coordinates a\ 
(2.13) on U n . 

Lemma 3. The group action (2.15) is expressed by the equations 

.'/'• =E E <<---<vin..,^ ( 2 -!6) 

p=l (Ji,/ 2 ,...,7 P ) 

w/iere tAe second sum is extended to all partitions {Ii,h, ■ ■ ■ , I P ) of the set {i\,i2, ■ ■ ■ , i s }- 

Proof. To prove (2.16), we apply (2.1), (2.15) and (2.8). 

Note the following formula. If 7 is a smooth mapping of an open set U C R n into Y, U' C i? n an open 
set, and a : U' — > U a smooth mapping, then for every t <G U', 

T r n {l°a){t) = {T r nl )(a{t))ojr(tr_ a(t) oaotv t ). (2.17) 

To derive this formula, we use definition (2.2), and the identity Jq(7 o a o tr f ) = Jo (7 o tr a ( t )) o 
Jo(tr_ a ( t ) o a o tr t ). In particular, if a is a diffcomorphism, then Jg (tr_ a ( t ) o a o tr t ) 6 and (2.17) 
reduces to the group action (2.15). 

3. Higher order Grassmann bundles 

An (r, n)-velocity Jq £ s T^Y is said to be regular, if it has a representative which is an immersion. If 
(V, ip), ip = (y A ), is a chart, and the target £(0) of an element Jq£ S T£Y belongs to V, then Jq£ is regular 
if and only if there exists a subsequence v — [y\, V2, ■ ■ ■ , f„) of the sequence (1,2,... , n, n + 1, . . . , n + m) 
such that det Di(y Uk °C)(0) 7^ 0. Regular (r, n)-velocities form an open, L^-invariant subset of T^Y, which 
is called the manifold of regular (r,n)- velocities, and is denoted by Imm T£Y. Recall that Imm T^Y is 
endowed with a smooth right action of the differential group L r n , defined by restricting (2.15), i.e., by 

ImmT^Y x L r n 3 (JJC, W - JqC Jq« = ^o(C ° «) € ImmT^Y. (3.1) 
If , a* j 2 , . . . , a!- ii2 ir are the canonical coordinates on L r n , this action is expressed by 
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V A = V\ »£<,...«. =E E <•••''/ /';•,..,, (3-2) 

P=l (Jl/2,...,/,,) 

In the proof of the following result we construct, among others, a complete system of L^-invariants of 
the action (3.1) on ImmT^y. We use the associated charts on Imm T^Y", defined as associated charts on 

Theorem 1. The group action (3.1) defines on ImmT^Y" the structure of a right principal L r n -bundle. 

Proof. We have to show that (a) the equivalence 1Z "there exists Jq a G L r n such that Jq ( = JqX Jo a 
is a closed submanifold of the product manifold ImmT^Y x ImmT^F, and (b) the group action (3.1) is 
free. 

(a) First we construct an atlas on ImmT^F x ImmT^Y, adapted to the group action (3.1). 

Let (V,V), ip = (y A ), be a chart on Y, (V£, V£)> V n = (y A ,y,v • ■ ■ > 2/^j 2 •••>)' the associated cnart on 
ImmT^y. We set for every subsequence v = (vi, 1/2, . . . , v n ) of the sequence (1,2,... , n, n+1, . . . ,n + m) 

W = { J r a C G V;\ det(y»« + 0} . (3.3) 
W v is an open, L^-invariant subset of V£, and 

\Jw = vz. 

V 

Restricting the mapping t\) T n to W v we obtain a chart (W",^). 

The equivalence 1Z is obviously covered by the open sets of the form W v x W v . We shall find its 
equations in terms of the charts (W v x W u , i\j r n x tp^). Let us consider the set 1Z n (W v x W). Assume 
for simplicity that v = (1, 2, . . . , n). A point (JJC, J£x) G W" x W belongs to ft n (W u x W) if and 
only if there exists J^a G J^ such that Jq£ = JqX Jfi a or i which is the same, if and only if the system 
of equations (3.2) has a solution a£, a£ i2 , . . . , ir . Clearly, in this system y A ,y A ,y A i2 ,- ■ ■ ,y A i2 ... ir 
(resp. y A ,y£ v y£ ip2 , . . . ,y A lP2 ,„ Pr ) are coordinates of JJC (rcsp. JJx)- But on det(yf) 7^ 0, where 
1 < i, k < n. Consequently, there exist functions Zj : W u — > R such that z*yf = Sj. Conditions (3.2) now 
imply, for A = k = 1, 2, . . . , n, 

s 

£ii i2 . . . is = e E a ^ a S • • ■ a /p yji j 2 . . -j P 

p=i (jij 2 ,...,j p ) 

= E E <<---«^,., P + <*,..^ 

P=2 (7^2,.,.,/p) 

which allows to determine the canonical coordinates of the group element Jq a by the recurrent formula 

< i2 .., 3 = *z(sL...,.-E E "/ «•/:•••"/:«;,..,.)• (3-4) 

P=2(/ 1 J 2 , ...,/„) 

Taking A = a = n + l,n + 2, . . . , n + m in (3.2) and substituting from (3.4) we get 
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S£fe...*.=E E «---4>Ju,., P , (3-5) 
p=i (hJ 2 ,...j P ) 

where the group parameters a\ are all certain rational functions of Vj 1 j 2 j , Vj 1 j 2 j e ■ These are the desired 
equations of the equivalence 72. on W u x W ' . 

Now define a new chart on ImmT^F x ImrnT^Y, {W v x W, where 

$' y = (v A v A v A ■ v A ■ § a $ CT $ CT ■ $ CT ■ v k v k v k ■ v k ■ ) 

is the collection of coordinate functions, by 



*° = r-tf, ^ li2 .., s =^ 2 .., s -E E «---4>£ 



J2---Jp ' 

p=i r/i,j 2 ,...,/„) 



In terms of this new chart, the equivalence 1Z has equations = 0, ^f^...* = 0, and is therefore a closed 
submanifold of ImmT^F x ImmT n T. 

(b) Assume that for some Jq( E ImmT^F and J^a <E JqC </o a = ^oC- Then equations (3.2) 
reduce to 



y4..., = E E 



\32---3p ' 
P=l (Ji,J 2 ,...,J p ) 

which gives us, using (3.4), = fif,a% i — 0, . . . , af j j = 0, i.e., J^a = Jq id^. This completes the 
proof. 

We have the following corollaries. 

Corollary 1. The orbit space P^Y = Ivam.T^Y/L r n has a unique smooth structure such that the canonical 
quotient projection p r n : Imm T£Y — > P^Y is a surjective submersion. The dimension of P^Y is 

dimity ^ m [ n ^ l r ^j + n - 

The following corollary solves the problem of finding all L r n -invariant functions on ImmT^F. It says 
that the projection p r n : ImmT^ — > P^Y is the basis of U n -invariant functions. 

Corollary 2. Every L r n -invariant function f : W — ► R, where W C ImmT^Y is an U n -invariant open 
set, can be factored through the projection mapping p r n : ImmT^Y — > P„Y . 

Now we are going to construct charts on ImmT^Y adapted to the right action (3.1) of the differential 
group U n . We may consider, for example, the charts (3.3) with u = (1, 2, . . . , n). 

Theorem 2. Let (V, VOiV' = {y A )> be a chart on Y, (V£, Vn)> ty r n = {vt 1 i 2 ...i B )i s ^ r i ^ e associated 
chart on ImniT n T, and W = {JqC € K[| det(j/j(J£C)) 7^ 0} , 1 < i, j ^ n. Tfcere ezist unique functions 
w a , , wJ U2 , . . • , w j 1 j 2 ...j r defined on W such that 

k 

y a = ™ a i 2/pV..p fe =E E ^>i 2 ---yi<,2...,v (3-6) 

9=1 (Ji,/ 2l ... ,/„) 
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The pair (W,$), where $ = (w a ,w^,w^ ip2 , . . . ,^p lP2 ... Pr , 2/^,2/^, • • • >Vj 1 j 2 ...j r )> is a chart on 
ImmT^F. The junctions w a ,tu? , wj ij2 , . . . , Wj 1 j 2 ...j r satisfy the recurrent formula 

and are L r n -invariant. 

Proof. We proceed by induction. 

1. We prove that the assertion is true for r = 1. Consider the pair (VF, $),$ = (w a , w pi , y % , J/jJ, 
where w a — y a ,Wj — z^y^. Obviously yp 7 = y p Wj, which implies that (W, $) is a new chart. Moreover, 
w j = z jdk.y cr = ZjdkW a . It remains to show that the functions are -invariant. Since the group 
action (3.2) is expressed by y % = y % , y a — y 17 , = a^t/*, = apyj , the inverse of the matrix y p = apy* is 

= ZgbP , where 6f stands for the inverse of af . Hence — z'-y'^ = z^h k s a v k yp = z^y 7 = wj proving the 
invariance. 

2. Assume that formulas (3.6), (3.7) hold for k = r — 1. Write (3.6) in the form 



k 



VpiP2---Pk = E E y'hfi. 

q=l (/i,/ 2l ... ,/,) 



3l32---]q • 



Then 

DpiP2---PkPk+i ~ dp k+1 y PlP2 ...p k 

= E E (<w ■ ■ ■ <K;,...i, + • • • ^>^4 +1 ^<, 2 .., 9 )- 

9=1 (J 1 ,7 2 ,. ..,/,) 

In this formula we sum through all partitions (Ii, I2, ■ ■ ■ ,I q ) of the set {pi,p2, ■ ■ ■ ,Pk}- On the other 
hand, when passing to all partitions (J\, J2, ■ ■ ■ , J q ) of the set {pi,P2, ■ • ■ ,Pk,Pk+i} we get 

VpiP2---PkPk+l 

= E E (<w> ■ • ■ <'Ku,.,, + • • • ^>^ +1 ^<,,., 5 ) 

5=1 (Jl/2,...,/,) (3.8) 

= E E *M • ■ • ^< J2 ..,, + « ■ ■■ykviix^dswu...^ 
?=i (Ji,j 2l ... 

and we see that (3.8) has the same form as (3.6), where w j 1 j 2 ...j k j k+1 — z j k+ ids w 'j 1 j 2 ...j k - Uniqueness is 
immediate since wj lj2 j k j k+1 may be expressed explicitly from (3.8). 
It remains to prove the invariance condition w? • • = w? • • . 

J L J 2 ' ' ' J S j LJ 2 - ■ -J S 

Since the points Jq C Jo"a and Jq£ belong to the same orbit, their coordinates satisfy the recurrence 
formula (3.5): 

s 

C, : .., E E <<---4>L- 2 ...,V * = l,2,...,r, 

P=l (7 1 ,7 2 ,...,7 P ) 

in which 
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a fe 1 fe 2 ...fc t - z k{viii2-it E E a h a h ■ ■ • a /p2 / jU2-..i P ) 

P=2(K 1 ,K 2 ,...,K P ) 

for all t < s (see (3.4)). Here I 2 , ■ ■ ■ I p ) is a partition of the set {ii,i 2 , . . . i s } and (K\, K 2 , ■ ■ ■ K p ) 
{k\, k 2 , ■ ■ ■ k t }. Using (3.6) we can write 

s 

yfi» 2 ...t a = E E yilvil ■ ■ ■yZ il! 'ji32-..] P > 
P =i(h,i 2 ,...,i p ) 

C...... E E ^^•••y>M,..t i! 

' = 1 (Jl,J 2 ,- 

where (7i, J 2 , . . . I p ) is a partition of the set {ii,i 2 , . . .i s } and (J 1; J 2 , . . . J;) is a partition of the set 
{iii 32, ■ ■ -j P }- This gives us the equation 

E E •••«/'."•: 

^! JlA -- A) . (3-9) 



= E E «---<(E E y\y%---y>U...,)- 



Now we wish to determine the terms wf lt2 t on the right side with fixed p. Changing the notation of 
the indices, we get the expression 

E E «---<(E E yj\y%---yl<t 2 .., P ) 

9=1 {I lt I 2 ,...,I p ) p=l (Ji,J 2 ,...,Jp) 

from which we see that wf lt2 ^ tp are contained in every summand with q ^ p. Thus, the required terms 
are given by 



(EE E <<---<yj 1 y%---yX)<^ P - 



q=p(Il,I 2 ,...,I q ) (.h,J 2 ,-,J P ) 

In this formula (h,I 2 , ■ ■ ■ Iq) is a partition of the set {ii, i 2 , ■ ■ ■ i s }, and (Ji, J 2 , . . . J p ) is a partition of 
the set {ji,j 2 , ■■■jq}. 

Now we adopt the following notation. If I — (ii, i 2 , . . . i s ) is a multi-index, then I 2 , ■ ■ ■ I p ) ~ / 
means that I 2 , . . . I p ) is a partition of the set {ii, i 2 , . . . i s }. 

As before, let I — (ii,i 2 , . . . i s ), and let p be fixed. We wish to show that 

( E mi---yi:)<n.., P 
(i u i 2 ,...,i P ) 

(3.10) 

= (E E E 4A---<yj\y%---yX)<t 2 .., P - 

1=P(Il,l2,-J q )(Jl,J 2 ,-,Jp) 
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Write the transformation formula (2.16) in the form 

m 

p=i (/i,/ 2l ... ,/ P ) 

Using the same notation, we have 
\i k \ 

9fc = 1 1,^,2, ••■ .-ffe.qfc) 

where (Ii,I 2 , ■ ■ ■ I p ) ~ i". Thus, 

( E ^>t--^t)<u,., P = (E E <;:<; 2 2 ---<;:;^) 

(/ 1 ,7 2 ,...,7 P ) 8i = l(/i,i,/i,2,-,-fi,9i) 

92=1 (7 2j i,7 2|2l ... M,q 2 ) 

9p — 1 (7 Pj l,7 Pj2 ,... Jp,q p ) 

where Ji = (ji,iji, 2 • ■ • ji.gj, ^2 = (.72,1.72,2 • • • 32, q 2 ), ■■■ and J p = (j p ,ij p ,2 ■ ■ - jp.gj- 

This expression can be written in a different way. Notice that since (Ii,i,Ii,2, ■ ■ ■ Ii, qi ) ~ h, then 

0^1,1 ! A, 2, ■ ■ - A, 3i, h, l,h, 2, ■ ■ -^2,92, • • -Ip,l,I p ,2, ■ ■ -Ip,q p ) ~ ^ 

|/i| + |/ 2 | + ... + |/ P | = |/|=s. 

and if we define g = q\ + q 2 + . . . + q p , we get p < q < |7i| + I/2I + • • • + \I P \ = \I\ = s. Now, having in 
mind the corresponding summation ranges, 

( E ^■■^)<,2.., P 

(7 1 ,7 2 ,...,7 P ) 

= V „y a 1 . 2 . . . a*' 41 ,ry af 2 . . . af 92 . . . 1 2 . . . a\ p ' q " yK 1 //'/ . . . yf < t t ■ 

/ J '1,1 7l,2 J l,8l '2,1 7 2 ,2 1 2,q 2 ip.l lp,2 lp ,q p a J 1° -J2 a •> p t\t 2 ...t p 

If we denote 

(S1,S 2 , ...S q )= (n,l, jl,2, ■ ■ • jl, qi , 32,1, J2,2, ■ ■ ■ 32,q 2 , ■ ■■j P ,l,3 P ,2, ■ ■ ■ 3p,q p ) 

and 

(-Pl,-P 2 , • • -Pq) = {h,l,h,2, ■ ■ -h, qi ,l2,l,l2,2, ■ ■ -h,q 2 , ■ ■ -I p ,l,Ip,2, ■ ■ ■ I p ,q v ) 

it is immediate that (Pi, P 2 , ■ • ■ Pq) ~ I, and 
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( E yi 1 M---y%)<^ P 

(Jl,/2,...,/p) 

= (E E E *%*%---*?Av%---v%)< 



t2---tp' 

q=p (P 1 ,P 2 ,...P q )(J 1 ,J 2 ,...J p ) 

This proves (3.10). 

Returning to (3.9), and substituting from (3.10) we get a basic formula 

E E ^^•■■^K,,., P -<, 2 .., P ) = °- (3- 11 ) 

p=l (Jl,J 2 ,...J p ) 

Now it is easy to show that ... 3a — w j 1 j 2 ...j s = provided Wj 1 j 2 ...j k — w j 1 j 2 ...j k = for all fc < s — 1. 
If s = 1, we get y 1 ^ (w^ — ) = 0, and since the matrix y\ is regular, ?SJ = u>J. 
If s = 2, we have yf^iw^ - wjj + v\\yf 2 {w a nn - wj ih ) = y^yf^nn ~ w nh) = °' which implies, 
again using regularity of the matrix y\ , that w? ■ = w? . 

J L J 2 J 1 J 2 

Now assume that w? _• — tu? _•„ = for all fc ^ s — 1. Then (3.11) reduces to 

y% 2 ■ ■ ■ y% a \ w 3ij 2 ...j e w 3\n---3s> u ' 

which gives us w" • ■ — m" • . = as required. 

J 1 J 2, • • - J s J 1 J 2 • • - J s 

This completes the proof. 
Denote 

Aj = z?d a . (3.12) 
Properties of the group action of L r n on ImmT^F can now be summarized as follows. 
Corollary 1. The group action (3.1) is expressed on W by the equations 



y k = y k , »? lfa ...i. = E E 



p=i (h,i 2 ,...,i p ) 
< s < r. 

Equations w j 1 j 2 ...j s = c 'j 1 j 2 ...j s ' where cj lj2 Js 6 K are equations of the orbits of this action, and the 
functions y l ,wj i j 2 represent a complete system of real-valued L T n - invariants on W. Moreover, each of 
these invariants arises by applying a sequence of the vector fields Aj to i/ie invariants w a . 

Our aim now will be to express the vector fields Aj in terms of the adapted charts (W, $) (Theorem 2). 

Corollary 2. The vector field Aj ftas an expression 

mjeo = £ + E E <p,...p,*(jjo (ft/—) 



r-1 



(3.13) 



+E E wo . ,, , 

i=i pi<p2<-xpi \ u y PlP2 ...p, / JSC 
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Proof. We proceed by direct computation, using (2.5) and Theorem 2. 

Note that at every point of its domain, the vector fields Aj (3.12) span an n-dimcnsional vector subspace 
of the tangent space of ImmT^ _1 F, determined independently of charts. Indeed, if {V,ip), and (V,V>), 
are two charts, then by (2.6), 

A, = z?d s = z?d s = z?S%d p = ztv q s z p q d p = z?y q A p . (3.14) 

In the following corollary we use these vector fields to derive the transformation properties of the 
functions w£ fc . Denote P = (Pj), where 



1 dyi 1 dw" 
Taking r = 1 in (3.14), we get 

A — — - + uf —— — z s v q A 



dy l v dy % \ d _ s ( dw v A dw v \ d 



dyi 3 dw" J dyi iys \dyi q dw x J dw" ' 

from which it follows that 8\ — z?y q P- ,w\ — z-y q A g w". The first of these conditions implies that the 
matrix P is regular, and its inverse, P^ 1 = Q = (Q)), satisfies 

From the second condition we derive the following formula w" — Q q A q w v . 

Corollary 3. Let (V,ip),ip = (y A ), and (V,4>),-ip = (y A ) be two charts on Y , such that V (~1 V ^ 0. 
Consider the associated charts (V£,ipn) an d {Vn^n) an d the charts (W, <&) and (W,$>) on ImmT^V. 
Let the transformation equations from {V, ip) to (V, 4>) be written in the form 

y i = F i (y\w"), w° = F°{y\w v ). 
Then the functions ui" ii2 ikik+i obey the transformation formulas 

Ki2...i h i h+1 =^ +1 A p< l!2 ... !t - ( 3 - 15 ) 

Proof. By hypothesis, det(yf) ^ 0, hence det(j/ 4 fe ) ^ 0. Therefore, using (3.7) we get w" ii2 ... ifcifc+1 = 

A point of P£Y containing a regular (r, n)-velocity Jq£ is called an (r,n)- contact element, or an r- 
contact element of an n-dimensional submanifold of Y, and is denoted by [JqQ. As in the case of r-jets, 
the point Ogl™ (resp. ((0) e Y) is called the source (resp. the target) of [Jq(]. The set G r n of (r,n)- 
contact elements with source £ W 1 and target £ M. n+m , endowed with the natural smooth structure, 
is called the (r,n)-Grassmannian, or simply a higher order Grassmannian. It is standard to check that 
the manifold P^Y = lmn\T^Y/L r n is a fiber bundle over Y with fiber G r n . P^Y with this structure is 
called the (r,n)- Grassmannian bundle, or simply a higher order Grassmannian bundle over Y. 
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Besides the quotient projection p r n : Imm T^Y" — > P£ (Corollary 1 to Theorem 1) we have for every 
s,0 < s < r, the canonical projection of -P^F onto P^V defined by Pn S ([JoC}) — [JqQ- 

Now we are going to introduce some charts on the manifold of contact elements P^Y . To this purpose 
we consider the adapted charts on ImmT^F, (W, $), 

* = K , , u£ lPa , • • • , w% ip2 , pr , , ^ , i4,. a , . . . , y) in . . Jp ) , 
introduced in Theorem 2. We denote W — p r n (W), and if J^Q e VT, wc define 

by 

y l (KC]) = v\JEO, ^ lj2 ... jk ([J r oC}) = <,i.,.. J ,(-/,'.C)- (3.16) 

Then the pair (W, <fr) is the associated chart on P„Y. In terms of (W, $) and (W', <E>) the quotient 
projection p T n is expressed by the equations 

y i °p r n = y i , *>? lj2 ... jk °P r n = Kn...j k - ( 3 - 17 ) 

Consider a point JqC € W, and the vector subspace of the tangent space T p r (jr^P^Y spanned by the 
vectors Tjr^p r n ■ Aj(JoC), where the vectors Aj(JoC) are defined by (3.13) and (2.5). Indeed, this vector 
subspace is independent of the choice of a chart used in the definition of dj. It follows from (3.13) and 
(3.17) that the vector field A, is p r -projectable, and its p^-projection is the vector field 

y p=0ji^2^...^ P uw hh-j P 
Thus we have the following commutative diagram: 

ImmT; Ai ) TlmmT^ 1 

pry , TP 1 — ly 

From now on we adopt the standard convention for writing fibered coordinates, and we omit the tilde 
over the coordinate functions on the left in (3.16). Then the coordinate functions of the chart (W, 4>) will 
be denoted simply by <l = (y l , w a , to? , w? lh , Wj lj2 ... jr ) ■ 

Let us consider two charts (y,<f>),<j> — {y A ), and (V,4>),(f> = (y A ), such that V fl V ^ 0, and the 
associated charts (V£, <j>n) and (V£, (j> r n ) on ImmT^F. The transformation equations for the corresponding 
associated charts on P r n Y are given by «£ i2 ... ifcifc+1 = Q p lk+1 \w v til2 tk (3.15). 

4. Scalar invariants of (r, ^-velocities 

Our aim in this section will be to describe all continuous L^-invariant, real- valued functions on the 
manifold of (r, n)-velocities T^Y . 
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As in the case of regular (r, n)-velocities, we denote by p r n : T^Y — * T^Y/L r n the canonical quotient 
projection. The quotient set T^YjL r n will be considered with its canonical topological structure; then p r n 
is an open mapping. The set ImmT^ is an open, dense, subset of T£. We have the canonical projection 
-K r n : T^Y/L r n — > Y, as well as its restriction : lmmT^Y/L r n — > Y to the (r,n)-Grassmann bundle 
P][ = \vamT^Y/L r n , which are both continuous. These mappings define a commutative diagram 

ImmT^Y ► T^Y 



P r n Y ► TlYjU n 



Y > Y 

P^Y is an open, dense subset of T^Y/L r n . Indeed P^Y is open in T^Y/L r n by the definition of the 
quotient topology, since ImmT^F = (p 7 n )~ 1 (P^Y) is open in T^Y. If [JqXo] <= T'^Y/L r n is such that 
[JqXo] ^ Pn^i an( i W is & neighbourhood of [</oXo]> then (p 1 n )~ 1 (W) is an open set in T^Y containing 
[JqXo] as a subset. Since ImmT^Y is dense in T£Y, (p , n )~ 1 (W) DlmmT^F is a non-empty open subset of 
ImmT„T, and since p r n is open, the set pl((p^)~ 1 (W) nImmT re T) is open in P r n Y. But pUiPn)' 1 ( w ) n 
ImmT^y) C W which means that W contains an element of the set P„Y. 

Any continuous function on a subset of P^Y defines, when composed with the quotient projection 
p r n : ImmT^y — > P^Y , an L^-invariant, continuous function on the corresponding subset of Imml^F, 
and vice versa, any L^-invariant, continuous function on an open, L^-invariant subset of P£Y can be 
factored through p r n . Since the values of a continuous, real- valued function on T^Y/L r n are uniquely 
determined by its values on P„Y, the projection p r n is the basis of L^- invariant functions on T^Y. 

It is now clear that our problem of finding all continuous L^-invariant, real-valued function on T£Y is 
equivalent with the problem of finding continuous functions on open subset of the quotient T^Y/L^. This 
gives rise to the problem of continuous prolongation of functions on P^Y to the quotient space T^Y/ L r n . 

First we need to discuss separability of the points on T^Y/L r n . It is easily seen that the quotient 
topology on T^Y/ L r n is not Hausdorff . 

Note that any two points [JgXo], [^oX] € T^Y/L r n Y such that Xo(0) ^ x(0), can always be separated 
by open sets. This follows from the continuity of the quotient projection of 7r^, and from separability of 
Y. To study the situation in the fibers, we prove the following lemma. 

Lemma 4. Let y e Y be a point, (V,ip),ip — (y A ) a chart at y, and JJxo S (t^ ,0 ) _1 (y) the (r,n)- 
velocity with target y defined by JqXo = (y A ,0, 0, ... ,0) in the associated chart. Then any L r n -invariant 
neighbourhood of JqXo contains the fiber (t^' ) -1 (?/)• 

Proof. The fiber (T£°) _1 (y) = (p^' ) _1 ((T£'°) _1 (y)) over y e Y in T£Y is endowed with the induced 
chart (y„ r , = (y A ^yf^yf l32 ^ ■ ■ >Vhh...j r )- The coordinates .//,.' of the points of the orbit 

[JoXo] are given by (2.16), 

y A u*, ^,., S = E E <<---<4n...j,, 

P=l (Jl,/2,.../p) 

where J£a e L r n ,J£a = {a l n , a) ih , . . . ,a) injr ). Thus, y A = y A ,y A lh ... je = 0, which means that the 
orbit [JJxo] consists of a single point. Let W be an L^-invariant neighbourhood of the point JqXo- We 
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show that each orbit in (t£°) _1 (?/) has a non-empty intersection with W. Then we apply L r -invariance 
to obtain the inclusion (T^ ,0 ) _1 (y) C W. 

Let us consider an arbitrary element JJx = {y A Wf^vf^ ■ ■ ■ iVhh...j r ) G K'T 1 !^ and a one " 
parameter family of velocities JJx ° Jq@t in defined in components by 

T = (#), #(t\ t 2 ,-.. ,t n )=rt\ 

where ^ r ^ 1. Then Jq(3 t — (t#*-,0,0, ... ,0), and by (2.16), the i^-orbit of Jq\ contains the points 
JoX°JE/3t = {y A ,yf^yf^ 2 , ■ ■ ■ .^ 2 ...j r ) given by y A = y A ,yf lj2 ... js = T s yf lh ... js . Clearly, for sufficiently 
small t,JqX° JqPt £ W. 

This shows that the orbits passing through any neighbourhood of the point JqXo, where Xo(0) = y, 
fill the whole fiber (r^ )" 1 ^)- 

Consider a point y G Y, a chart (V, "4>),ip = (y A ) at y, and the L r -orbit [JqXo] of the velocity JqXo = 
(y A , 0, 0, . . . ,0) G ( T n°) _1 (j/)- Lemma 4 shows that any neighbourhood of the orbit [JoXo] £ T^Y/L^ 
contains the fiber (T^'°)~ 1 (y) in T^Y/L r n over y. This proves, in particular, that no point of {r^)^ 1 (y) 
can be separated from [JqXo] by open sets. 

This gives us the following theorem saying that if a continuous invariant is defined on a fiber in T£Y, 
then it is constant along this fiber. 

Theorem 3. Let W be an open, L r n -invariant set in ImmT^y, / : W — ► R an L r n - invariant function. 
Assume that W contains two regular velocities Jq(, JqX with common target y — £(0) = x(0), such that 
f(JoC) 7^ f(JoX)- Then f cannot be continuously prolonged to the fiber T%°(y) C ImrnT^Y. 

Proof. Indeed, since R is Hausdorff, any continuous, L^-invariant, real-valued function takes the same 
value at the points which cannot be separated by open sets. Assume that / can be prolonged to the fiber 
T n°(y) C ImmT^y. Then by lemma 4, / is equal along the fiber T^'°(y) to /(JoXo) = const, which is a 
contradiction. 

In particular, none of the L r -invariant function Wj 1 j 2 j (Theorem 2) can be prolonged to a fiber 
'(?/). 

Now it is immediate that each L r -invariant function on T^Y is trivial in the following sense. 

Corollary 1. A, continuous function f : T£Y — > R is L r n -invariant if and only if f = F o t£°, where 
F :Y — > R is a continuous function. 

5. Appendix: Regular (2, ^-velocities 

As before, Y denotes a smooth manifold of dimension n + m. In this section we consider the manifold 
ImmT^Y of regular (2, n)-velocities on Y, and the Grassmann bundle P^Y. We wish to collect in an 
explicit form all basic formulas concerning charts and invariants in this case, which will be important for 
applications. 

If (V, i[)),il> = (y A ), is a chart on Y, define V% = (t^°) _1 (V) and = (y A , y A , y A ) where 1 ^ A < n + 
m, 1 <_i <_ j ^ n, by the formulas y A ( J§() = y A (((0)), y A {40 = A</ A (C(0)), y A ( J 2 C) = A^2/ A (C(0))- 
If (V, tp), ip = (y A ), is another chart on Y, and the transformation equations are written as y A = F A {y B ), 
then 

y A = F A (y% yf = ^y?, u$ = ^uvFyf + ^vg (5-D 
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on n V; 2 (see (2.9)-(2.11)). 

If / : V 1 — > M is a smooth function, we define a function dif : V% — ► M. by 



d .f-lLyA + ^L v A 



(the z-th formal derivative of /). In particular, rfjt/ = y^, rfij// = y^- 

By definition, rank(y^( J 2 C)) = n at every point J 2 C € VJ 2 . Thus, there exists a subsequence 7 = 
(Ai,A 2 ,... ,A n ) of the sequence (1,2,... ,n,n+l,n + m) such that det(y^ ( J 2 C)) ^ 0. Denote Vn {1) = 
{J 2 C € Vl\ det(j/^(J 2 C)) ^ 0}. If is the restriction of ^ 2 to vl {1 \ then the pair (Vn {1 \ ip%) , ipl {1) = 
(y A ,yf,y A j) 7 is a chart on ImmT 2 y, and 

LK (/) =e 

7 

By (2.14), the group multiplication (7 2 a, 7 2 /3) — > 7 2 a o J 2 /3 in the second differential group 7 2 of K" 
is given in the canonical coordinates by 

c?«tf<£, 4=W + W,- ( 5 - 2 ) 

Indeed, in this formula a^,a^ q (resp. bp,bp q , resp. Cp,Cp g ) are the coordinates of JqCc (resp. Jq/3, rcsp. 
Jga o Jq/3). L 2 acts on ImmT 2 F smoothly to the right by the jet composition (Jg£ o J^a) — > 7q£ 7o a - 
This action is expressed by 

V A = y A , V A = V A al y A =y A q a\a) + y A a%, (5.3) 

where y A ,yf,y A are the coordinates of a velocity J§(, and y A ,yf,y A are the coordinates of the trans- 
formed velocity Jg £ o Jq a. 

Now we are going to construct an atlas on Imm T%Y, adapted to this group action. Given a chart 
(V,ip),ip = (y A ), we note that the action (5.3) preserves each of the sets ■ Indeed, if Jg£ € Vn^\ 
then by definition, the matrix y A ' = yf z (JoC) is °f maximal rank, and the second equation (5.3) implies 
that the matrix y Ai = y Ai (JgC, a ) 01 the transformed point is also of maximal rank. 

Consider for example the case 7 = (1, 2, ... , n). Then det(yj) ^ for 1 i,j ^ n (i.e. on Vn (I) ). We 
define smooth functions Zj : — > K by z l p y v - = S l j. These functions form a regular matrix on ■ 

Equations (5.3) then give for A = k = 1, 2, . . . , n 

4vf = a t ZsVij = z k s y s pq a P y 3 + ZsVptfj = ZsVpqZM^yj + a% , 
and for A = a = n + 1, n + 2, . . . , m 

-A A -A A s-p -A A p-s q-t , At k-s k -s rt-r q-t\ 

y =y , Vi =y s z P yh Vij = Vp q z 8 Vi z tV 3 + Vk{z s y lj - z^^y^y^). 

Since the second formula gives us the relation zjyf = z^y", and the third one implies 

Z u Z i{Vlj ~ Z^VkVlj) = Vpq Z u Z l ~ zk S VkV S pq Z u Z l = Z u Z l{llpq ~ ^sVkVpq) ^ 

we finally get 
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y A = y A , z)y° = zffl, and 4^(yf. - z k s % q yt 3 ) = *S*S(l& - z^y'J. 
Therefore, the functions 

y\ w a = y a , < = z?y°, <j = zfz]( y ; q - z k s y^; q ) (5.4) 

are constant along the L 2 -orbits in C ImmT^F, and the functions y\ w a , wfj, yj, y z j k define a new 

chart on the set adapted to the group action of L\. The right action (5.3) is expressed in terms of 

this new chart by y % = y l ,w a — w a ,wfj — uifj,yf — y^af,]}^ — y^aF^ +y k a^. The functions (5.4) are 
components of the quotient projection p 2 , of the manifold of regular (2, n)-velocities ImmT^Y onto the 
(2, n)-Grassmann bundle P„Y, and form a basis of L\- invariant functions on ■ 

A direct interpretation of the coordinate functions (5.4) is obtained as follows. Let (V, ip), ip — (x l 7 y a ), 

be a chart on Y, and let JqC G Vn^ ■ We assign to the 2-jet Jq£ an element J^a G L 2 n by means 
of a representative a satisfying, in addition to the condition a(0) = 0, the following two conditions 
at (Jo a) = D,a s (0) = y?( J 2 C), a s {j ( J 2 a) = D l D J a s (0) = yfj(JgO- Then it is easily seen that 

a^a- 1 )=D r (a- 1 Y(0)^zl,(J^), 

aUJfa- 1 ) = DMa-'YiO) = -z^(J 2 C)^4(J 2 C)^ fe (J 2 C), 
and we get for the coordinates of the 2-jet Jq(( o a -1 ) G Vn^\ by (5.4), 

y*(J 2 (C°O) = 2/VoC), ^(^(Coa- 1 )) =5l 24(J 2 (<°O) = 0, 

y ff (J 2 (C o a- 1 )) = w°(J*0, yf(Jo 2 (C ° a- 1 )) = <( J 2 C), 

j/5(Jo 2 (CoO) = <(^oC), 

where fc = 1, 2, . . . , n er = n + 1, n + 2, . . . , m. This represents the desired interpretation of the functions 
(5.4) as jet coordinates of the 2-jets Jq( o JqCX, with J^a determined by the considered chart. 

One can determine the transformation formulas from tpn(Ja (C 00 ^ 1 )) to ?/j 2 (Jo(£oa -1 )), with obvious 
meaning of a. These formulas illustrate the well-known fact that the higher order Grassmann bundles have 
a relatively complicated smooth structure. Consider an element Jq£ G H Vn^' '• The corresponding 

computations for Jq£ G fl Vn^'^ with arbitrary /, J are quite analogous. We have 

&o(C o a" 1 )) = $(J?(C ° a- 1 o = ^ 2 ( J 2 (C o a- 1 )) o J 2 (aO) 

= FMrWMt o a" 1 ) o Jo^aa" 1 ))). 

To derive explicit expressions, one has to substitute for the group multiplication (5.2), the group action 
(5.3), and the transformation (5.1) in this formula. Denoting 

QyS Q yV «' 

we get a regular matrix P = (Pf). Let Q = P^ 1 = (QJ) be its inverse. Then 

v! = P2v', n = Q\A- 
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After a tedious but straightforward calculation we get the following result. Given the transformation 
equations on Y, y k = F k {yP, y v ), y a = F a (yP, y v ), then on U„ 2(/) n Vn (J) , 



( d 2 F G d 2 F a v d 2 F a d 2 F a v dF° 

»ij = QiQ] [gyJdyl + dyPdw- wVq + dWdy* W v + dw*dw» W * W « + dw^™™ ) ' ^ V ' 



(dF° dF a ,\ ( d 2 F k d 2 F k „ d 2 F k „ d 2 F k „ , dF k 

' ,,,1' 1 I /lit*' I nil® I /in*' /lit" I 



V dyP + dw» Wp ) \dy a dy b + dy a dw° Wb + dw°dy bWa + dw°dw xWaWb + dw xWab 

Clearly, these equations represent the transformation formulas for the induced charts on the (2,n)- 
Grassmann bundle P 2 Y. 
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